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Abstract
Spacetime quantization predicts the existence of minimal length and time-interval. Within
5-dimensional Schwarzschild-like black string background, the tunneling of scalar particles,
fermions and massive bosons are first studied together in the same generalized uncertainty
principle framework. It is found that, the minimal length and time-interval effect weakens the
original Hawking radiation. To O( 1
M2
f
), the corrected temperatures depend on not only the mass
of black string, but also the mass and angular momentum of emitted particles. The temperature
correction for massive bosons is four times as big as that for scalar particles and fermions. As a
result, the bosons cease to tunnel from the black string before the scalar particles and fermions
do. The evaporation remnant is expected in our analysis, however it should be verified by full
quantum gravity theory.
∗E-mail address: lixiangqian13b@mails.ucas.ac.cn
1 Introduction
Hawking radiation is an important phenomenon within black hole physics. It states that black
hole can release radiation, due to quantum effect near the event horizon [1]. Various methods
have been developed to study Hawking radiation, among which two kinds of tunneling meth-
ods, null geodesic method and Hamilton-Jacobi method, are the most popular ones. Both of
these two approaches to tunneling use the fact that the tunneling probability is related to the
imaginary part of the classically forbidden trajectory from inside to outside the horizon by
Γ ∝ exp(−2ImS/~), with WKB approximation, that S is the classical action of the trajec-
tory to leading order in ~, applied. The null geodesic method was constructed by Parikh and
Wilczek [2–4]; The Hamilton-Jacobi method was developed by Angheben et al [5] based on
Padmanabhan’s works [6, 7]. Using these two methods, different kinds of particles tunneling
from various backgrounds have been investigated [8–28].
One common feature among various quantum gravity theories, such as string theory, loop
quantum gravity, and noncommutative geometry, is the existence of a minimum measurable
length [29–33]. An effective model to realize the minimal length is the generalized uncer-
tainty principle (GUP), based on which the first generalized uncertainty relation was proposed
by [34]. Considering both the minimal length effect and minimal time-interval effect, a model
of momentum-wave vector and energy-frequency relations which incorporates the central idea
of Large eXtra Dimensions (LXDs), is given by [35]
pi ≈ pi0
(
1 + βp2i0
)
, (1)
E ≈ E0
(
1 + βE20
)
, (2)
where pi0 = −i~∂i and E0 = i~∂t are operators within Heisenberg uncertainty principle (HUP)
framework, β = 1/(3M2f ) withMf representing the higher dimensional Planck mass. The current
lower limits on Mf range from 3.67 Tev/c
2 for 2 compactified LXDs and to 2.25 Tev/c2 for 6
compactified LXDs [36]. The relations in Eqs. (1) and (2) exist as the low energy limit (p≪Mf )
approximation of the full pi(p0i) and E(E0) relations, thus are not Lorentz covariant. Then the
modified commutation relation yields
[xi, pj] = i~δij
(
1 + βp2i
)
, (3)
and the corresponding generalized uncertainty relation is
∆xi∆pj ≥ ~
2
δij
[
1 + β〈p2i 〉
]
. (4)
Generalized uncertainty principle is an effective tool to relate black hole with quantum
gravity properties. A lot of papers study black hole physics with GUP incorporated. The ther-
modynamics of black holes has been investigated in the framework of GUP [37–43]. Combining
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the GUP with the null geodesic tunneling method, Nozari and Mehdipour studied the modi-
fied tunneling rate of the Schwarzschild black hole [44]. The GUP deformed Hamilton-Jacobi
equations for fermions and scalar particles in curved spacetime have been introduced and the
corrected Hawking temperatures have been derived for various spacetime in [45–53]. Taking the
GUP scheme, which incorporates the central idea of Large eXtra Dimensions, into account, the
tunneling processes of massive bosons (W±, Z0) from Reissner-Nordstrom and Kerr black holes
were investigated [54].
The LXDs model supposes the existence of extra compactified dimensions. In this paper,
we investigate scalar particles, fermions and massive bosons tunneling across the horizons of
5-dimensional black string using the Hamilton-Jacobi method which incorporates the minimal
length and time-interval (MLT) effect via Eqs. (1) and (2). Including the additional dimension
ω to the metric of the Schwarzschild spacetime, the obtained black string solution takes the
following form
ds2 = −F (r)dt2 + F (r)−1dr2 + r2(dθ2 + sin2θdφ2) + dω2, F (r) = 1− 2M
r
. (5)
Our calculation shows that the quantum gravity correction is related not only to the black
string’s mass but also to the masses and angular momentums of emitted particles. The quantum
gravity correction explicitly decelerates the temperature increasing in the process of black string
evaporation. What’s more, the temperature correction for massive bosons is four times as big as
that for scalar particles and fermions. As a natural result, the black string cease to emit massive
bosons earlier than ceasing to emit scalar particles and fermions. We also discuss the black
string thermodynamics and the remnant of evaporation, concluding that a full quantum gravity
theory is needed to study the final stage of the black string evaporation. People may question
the validity of applying WKB approximation to considering the quantum gravity effect, since
the WKB approximation is a semi-classical approximation retaining only the leading order in ~
and the quantum gravity effect related to the Planck scale should be tiny in low energy limit.
We show that, it is reasonable to apply WKB approximation in our analysis, considering the
specific process with which the quantum gravity effect influences the black string evaporation.
The organization of this paper is as follows. Incorporating the MLT effect, the tunneling
process of scalar particles, fermions and massive bosons are investigated in section 2, 3 and 4,
respectively. The thermodynamics of black string are discussed in section 5. Section 6 is devoted
to our discussion and conclusion. Appendices A is added to justify the application of WKB-
approximation to studying the effects of quantum gravity on particles tunneling process. We
use the spacelike metric signature convention (−,+,+,+); G = c = kB = 1 is set through this
paper except in section 5, where we use IU to make the physical meaning more explicit.
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2 Tunneling process of scalar particles
Within the framework of generalized uncertainty principle, the modified Klein-Gordon equation
in flat spacetime yields [35]
~
2ηµν
(
∂µ − β~2∂3µ
) (
∂ν − β~2∂3ν
)
φ = m2φ. (6)
Generalizing it to curved spacetime with diagonal metric components, one obtains
~
2gµν
[
∂µ + (−1)1+δ0µβ~2gµµ∂3µ
] [
∂ν + (−1)1+δ0νβ~2gνν∂3ν
]
φ = m2φ, (7)
where the difference of signs of theO(β) term for time component and that for space components
in square brackets is originated from the fact that g00 always shares different sign with gii.
Applying the WKB approximation by assuming an ansatz of the form of wave function
φ = exp
[
i
~
S(t, r, θ, φ, ω)
]
, (8)
where S is defined as
S(t, r, θ, φ, ω) = S0(t, r, θ, φ, ω) + ~S1(t, r, θ, φ, ω) + ~
2S2(t, r, θ, φ, ω) + · · · . (9)
Inserting Eqs. (8) and (9) into Eq. (7) and keeping only the lowest order in ~, we get
− 1
F (r)
(∂tS0)
2P2t +F (r)(∂rS0)2P2r+
1
r2
(∂θS0)
2P2θ+
1
r2sin2θ
(∂φS0)
2P2φ+(∂ωS0)2P2ω+m2 = 0, (10)
where Pµ’s have been defined as
Pt = 1 + β 1
F (r)
(∂tS0)
2, Pr = 1 + βF (r)(∂rS0)2, Pθ = 1 + β 1
r2
(∂θS0)
2,
Pφ = 1 + β 1
r2sin2θ
(∂φS0)
2, Pω = 1 + β(∂ωS0)2. (11)
Eq. (10) is the generalized Hamilton-Jacobi equation for scalar particles. Considering the prop-
erties of the spacetime expressed by Eq. (5), we carry out separation of variables as
S0 = −Et +W (r) + Θ(θ, φ) + Lω +K, (12)
where E denotes the total energy of the emitted particle, L represents the conserved momentum
corresponding to the compact ω-dimension, and K is some complex constant. For the ingoing
particles (moving towards the black string), the total imaginary part of S0 should be zero,
whereas S0 of the outgoing particles (moving away from the black string) should be complex,
since the outgoing trajectory is classically forbidden. Neglecting higher order terms of β and
solving Eq. (10), one obtains the solution to derivative of the radial action
∂rW = ±
√
− m
2
F (r)
+
E2
F (r)2
− J
2
θ + J
2
φcsc
2θ
r2F (r)
− L
2
F (r)
(
1 +
X1
X2β
)
, (13)
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where
X1 = −2F (r)m2J2φ + 2E2J2φ −
2F (r)J2θJ
2
φ
r2
− 2F (r)J2φL2 −
2F (r)J4φcsc
2θ
r2
− F (r)m4r2sin2θ
+ 2m2r2E2sin2θ − 2F (r)m2J2θ sin2θ + 2E2J2θ sin2θ −
2F (r)J4θ sin
2θ
r2
− 2F (r)m2r2L2sin2θ
+ 2r2E2L2sin2θ − 2F (r)J2θL2sin2θ − 2F (r)r2L4sin2θ, (14)
X2 = −F (r)J2φ − F (r)m2r2sin2θ + r2E2sin2θ − F (r)J2θ sin2θ − F (r)r2L2sin2θ, (15)
with Jθ = ∂θΘ and Jφ = ∂φΘ.
Integrating Eq. (13) around the pole at the horizon rh = 2M , we obtain the imaginary part
of the radial action as
ImW±(r) = ±pirhE
[
1 + 2
(
m2 +
J2θ + J
2
φcsc
2θ
r2h
+ L2
)
β
]
, (16)
where W+ denotes the radial function of the outgoing particles and W− of the ingoing particles.
Thus the tunneling rate of scalar particles at the event horizon is
Γ =
Poutgoing
Pingoing
=
exp
[−2
~
(ImW+ + ImK)
]
exp
[−2
~
(ImW− + ImK)
] = exp [−4
~
ImW+
]
= exp
{
−4
~
pirhE
[
1 + 2
(
m2 +
J2θ + J
2
φcsc
2θ
r2h
+ L2
)
β
]}
. (17)
The effective Hawking temperature for scalar particles is deduced as
Tscalar =
~
4pirh
[
1− 2
(
m2 +
J2θ + J
2
φcsc
2θ
r2h
+ L2
)
β
]
, (18)
where T0 =
~
4pirh
is the original Hawking temperature of the Schwarzschild-like black string,
J2
θ
+J2
φ
csc2θ
r2
h
represents the kinetic energy component along the tangent plane of the horizon surface
at the emission point. We can infer from Eq. (18) that the corrected temperature relies on not
only the mass of the black string, but also the quantum numbers (mass, angular momentum) of
the emitted scalar particles. It’s obvious that the original Hawking radiation is retarded by the
quantum gravity effect.
3 Tunneling process of fermions
We start with the Dirac Equation within HUP framework(
iγµ∇µ − m
~
)
Ψ (t, r, θ, φ, ω) = 0, (19)
where ∇µ is covariant derivative operator in 5-dimensional black string spacetime. Acting iγν∇ν
to Eq. (19), one gets
1
2
{γµ, γν}∇µ∇νΨ (t, r, θ, φ, ω) + m
2
~2
Ψ (t, r, θ, φ, ω) = 0, (20)
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which should be in accordance with Klein-Gorden Equation. Then the gamma matrices should
satisfy 1
2
{γµ, γν} = −gµν , a set of 5-dimensional gamma matrices satisfy this condition shows
γt =
1√
F (r)
(
0 I
I 0
)
, γr =
√
F (r)
(
0 σ1
−σ1 0
)
, γθ =
√
gθθ
(
0 σ2
−σ2 0
)
,
γφ =
√
gφφ
(
0 σ3
−σ3 0
)
, γω = i
√
gωω
(
I 0
0 −I
)
, (21)
where σi’s are the Pauli matrices. One can generalize Eq. (19) to MLT situation by substituting
∇µ’s with ∇˜µ’s which are defined as
∇˜0 = ∇0 + β~2g00∇30, ∇˜i = ∇i − β~2gii∇3i , (22)
yielding (
iγµ∇˜µ − m
~
)
Ψ (t, r, θ, φ, ω) = 0. (23)
Multiplying iγν∇˜ν by Eq. (23), the generalized Klein-Gorden Equation, i.e. Eq. (7), is
recovered. It implies that fermions should share the same tunneling process with scalar particles.
To further demonstrate this, we study the tunneling process of fermions starting directly from
the generalized Dirac Equation, i.e. Eq. (23). For a relativistic spin-1/2 field, there are two
states corresponding respectively to spin up and spin down. Without loss of generality, we only
consider the state of spin up in this paper, then the wave function of the emitted fermions can
be expressed as [55]
Ψ↑ =

A
0
C
D
 exp
(
i
~
S (t, r, θ, φ, ω)
)
, (24)
where S is the action defined as Eq. (9) with the same variables separation as (12) and A,
C and D are functions of t, r, θ, φ, ω. The wave function form supposed here is different with
those in [17, 18, 46–48] which suppose D = 0, while we mention that D = 0 only exists
when the particles move along the third space direction. Inserting the wave function into the
generalized Dirac equation (23), applying the gamma matrices defined by Eq. (21) and the WKB
approximation, we get the the equations of motion
C
1√
F
∂tS0Pt+D
√
F∂rS0Pr−iD
√
gθθ∂θS0Pθ+C
√
gφφ∂φS0Pφ+iA
√
gωω∂ωS0Pω+mA = 0, (25)
D
1√
F
∂tS0Pt + C
√
F∂rS0Pr + iC
√
gθθ∂θS0Pθ −D
√
gφφ∂φS0Pφ = 0, (26)
A
1√
F
∂tS0Pt − A
√
gφφ∂φS0Pφ − iC
√
gωω∂ωS0Pω +mC = 0, (27)
6
− A
√
F∂rS0Pr − iA
√
gθθ∂θS0Pθ − iD
√
gωω∂ωS0Pω +mD = 0, (28)
where Pµ’s share the same definitions with Eq. (11).
One can solve Eqs. (27) and (28) for C and D, obtaining
C =
1√
F
∂tS0Pt −
√
gφφ∂φS0Pφ
i
√
gωω∂ωS0Pω −m A, D =
−√F∂rS0Pr − i
√
gθθ∂θS0Pθ
i
√
gωω∂ωS0Pω −m A; (29)
Eq. (26) reflects the relation between C and D. Inserting Eq. (29) into Eq. (25), we get the
generalized Hamilton-Jacobi equation for fermions
− 1
F
(∂tS0)
2P2t + F (∂rS0)2P2r + gθθ(∂θS0)2P2θ + gφφ(∂φS0)2P2φ + gωω(∂ωS0)2P2ω +m2 = 0, (30)
which is consistent with Eq. (10). The calculation for the spin down state is parallel, one can
repeat the process to get the same result as spin up case.
Along the same path as in section 2, the effective Hawking temperature for fermions should
be equal to that for scalar particles
Tfermions =
~
4pirh
[
1− 2
(
m2 +
J2θ + J
2
φcsc
2θ
r2h
+ L2
)
β
]
. (31)
4 Tunneling process of massive bosons
The MLT-corrected equation of motion of massive bosons was derived in [54]. For the case of
uncharged bosons or uncharged spacetime background, it yields
∂µ
(√−gBµν)−√−gm2
~2
B
ν + β~2∂0∂0∂0
(√−gg00B0ν)− β~2∂i∂i∂i (√−ggiiBiν) = 0. (32)
According to the WKB approximation, the boson field Bµ is of the form
Bµ = Cµ(t, r, θ, φ, ω)exp
[
i
~
S(t, r, θ, φ, ω)
]
, (33)
where S is also defined as Eq. (9). Substituting Eqs. (33), (9) into Eq. (32), and keeping only
the lowest order in ~, we get equations of the coefficients Cµ
C0m
2 + grr[C0(∂rS0)
2P2r − C1(∂tS0)(∂rS0)PtPr] + gθθ[C0(∂θS0)2P2θ − C2(∂tS0)(∂θS0)PtPθ]
+ gφφ[C0(∂φS0)
2P2φ − C3(∂tS0)(∂φS0)PtPφ] + gωω[C0(∂ωS0)2P2ω − C4(∂tS0)(∂ωS0)PtPω] = 0,
(34)
C1m
2 + gtt[C1(∂tS0)
2P2t − C0(∂rS0)(∂tS0)PrPt] + gθθ[C1(∂θS0)2P2θ − C2(∂rS0)(∂θS0)PrPθ]
+ gφφ[C1(∂φS0)
2P2φ − C3(∂rS0)(∂φS0)PrPφ] + gωω[C1(∂ωS0)2P2ω − C4(∂rS0)(∂ωS0)PrPω] = 0,
(35)
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C2m
2 + gtt[C2(∂tS0)
2P2t − C0(∂θS0)(∂tS0)PθPt] + grr[C2(∂rS0)2P2r − C1(∂θS0)(∂rS0)PθPr]
+ gφφ[C2(∂φS0)
2P2φ − C3(∂θS0)(∂φS0)PθPφ] + gωω[C2(∂ωS0)2P2ω − C4(∂θS0)(∂ωS0)PθPω] = 0,
(36)
C3m
2 + gtt[C3(∂tS0)
2P2t − C0(∂φS0)(∂tS0)PφPt] + grr[C3(∂rS0)2P2r − C1(∂φS0)(∂rS0)PφPr]
+ gθθ[C3(∂θS0)
2P2θ − C2(∂φS0)(∂θS0)PφPθ] + gωω[C3(∂ωS0)2P2ω − C4(∂φS0)(∂ωS0)PφPω] = 0,
(37)
C4m
2 + gtt[C4(∂tS0)
2P2t − C0(∂ωS0)(∂tS0)PωPt] + grr[C4(∂rS0)2P2r − C1(∂ωS0)(∂rS0)PωPr]
+ gθθ[C4(∂θS0)
2P2θ − C2(∂ωS0)(∂θS0)PωPθ] + gφφ[C4(∂φS0)2P2φ − C3(∂ωS0)(∂φS0)PωPφ] = 0,
(38)
where Pµ’s definition in Eq. (11) has been employed again. Applying the variables separa-
tion (12) and the black string metric (5), we reformulate Eqs. (34)-(38) to a matrix equation
K (C0, C1, C2, C3, C4)
T = 0 and the elements of 5× 5 matrix K are expressed as
K11 = F (r)W
′2P2r +
Jθ
2P2θ
r2
+
Jφ
2P2φ
r2sin2θ
+ L2P2ω +m2, K12 = F (r)EW ′PtPr,
K13 =
EJθPtPθ
r2
, K14 =
EJφPtPφ
r2sin2θ
, K15 = ELPtPω, K21 = −W
′EPrPt
F (r)
,
K22 = −E
2P2t
F (r)
+
Jθ
2P2θ
r2
+
Jφ
2P2φ
r2sin2θ
+ L2P2ω +m2, K23 =
W ′JθPrPθ
r2
,
K24 =
W ′JφPrPφ
r2sin2θ
, K25 =W
′LPrPω, K31 = −JθEPθPt
F (r)
, K32 = F (r)JθW
′PθPr,
K33 = −E
2P2t
F (r)
+ F (r)W ′2P2r +
Jφ
2P2φ
r2sin2θ
+ L2P2ω +m2, K34 =
JθJφPθPφ
r2sin2θ
,
K35 = JθLPθPω, K41 = −JφEPφPt
F (r)
, K42 = F (r)JφW
′PφPr, K43 = JφJθPφPθ
r2
,
K44 = −E
2P2t
F (r)
+ F (r)W ′2P2r +
Jθ
2P2θ
r2
+ L2P2ω +m2, K45 = JφLPφPω,
K51 = −LEPωPt
F (r)
, K52 = F (r)LW
′PωPr, K53 = LJθPωPθ
r2
, K54 =
LJφPωPφ
r2sin2θ
,
K55 = −E
2P2t
F (r)
+ F (r)W ′2P2r +
Jθ
2P2θ
r2
+
Jφ
2P2φ
r2sin2θ
+m2, (39)
where ∂µS0’s in Pµ’s should be also replaced by (−E,W ′, Jθ, Jφ, L).
The determination of the coefficient matrix should be equal to zero to ensure that the matrix
equation possesses nontrivial solution. It yields the following equation
8F (r)5m2β(∂rW )
10 +
[
24F (r)4m2
(
m2 − E
2
F (r)
+
J2θ + J
2
φcsc
2θ
r2
+ L2
)
β + F (r)4m2
]
(∂rW )
8
+(A6β +B6)(∂rW )
6 + (A4β +B4)(∂rW )
4 + (A2β +B2)(∂rW )
2 + A0β +B0 ≃ 0, (40)
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where the terms of higher order of β have been omitted, the unspecified parameters Ai’s and
Bi’s are both complicated function of m,E, Jθ, Jφ, L and the black string metric, thus we don’t
write them down here. Solving Eq. (40), we get the solution to derivative of the radial action
∂rW = ±
√
− m
2
F (r)
+
E2
F (r)2
− J
2
θ + J
2
φcsc
2θ
r2F (r)
− L
2
F (r)
(
1 +
Y1
Y2β
)
, (41)
where
Y1 = −8F (r)m2J2φ + 8E2J2φ −
9F (r)J2θJ
2
φ
r2
− 3F (r)J
4
θJ
2
φ
2m2r4
− 8F (r)J2φL2 −
7F (r)J4φcsc
2θ
r2
+
3F (r)J2θJ
4
φcsc
2θ
2m2r4
− 4F (r)m4r2sin2θ + 8m2r2E2sin2θ − 8F (r)m2J2θ sin2θ + 8E2J2θ sin2θ
− 8F (r)J
4
θ sin
2θ
r2
− 8F (r)m2r2L2sin2θ + 8r2E2L2sin2θ − 8F (r)J2θL2sin2θ
− 4F (r)r2J2φL2sin2θ − 4F (r)r2L2sin2θ, (42)
Y2 = −F (r)J2φ − F (r)m2r2sin2θ + r2E2sin2θ − F (r)J2θ sin2θ − F (r)r2L2sin2θ. (43)
Integrating Eq. (41) around the pole at the horizon rh = 2M , we obtain the imaginary part
of the radial action for massive bosons as
ImW±(r) = ±pirhE
[
1 + 8
(
m2 +
J2θ + J
2
φcsc
2θ
r2h
+ L2
)
β
]
, (44)
where W+ denotes the radial function of the outgoing particles and W− of the ingoing particles.
Thus the tunneling rate of massive bosons at the event horizon is
Γ =
Poutgoing
Pingoing
=
exp
[−2
~
(ImW+ + ImK)
]
exp
[−2
~
(ImW− + ImK)
] = exp [−4
~
ImW+
]
= exp
{
−4
~
pirhE
[
1 + 8
(
m2 +
J2θ + J
2
φcsc
2θ
r2h
+ L2
)
β
]}
. (45)
The effective Hawking temperature for massive bosons is deduced as
Tbosons =
~
4pirh
[
1− 8
(
m2 +
J2θ + J
2
φcsc
2θ
r2h
+ L2
)
β
]
. (46)
Comparing Eq. (46) to Eqs. (18) and (31), we find that the temperature correction for massive
bosons is four times as big as that for scalar particles and fermions, given the same particle mass
and angular momentum components.
5 Thermodynamics of black string
In this section, we study the thermodynamics of the Schwarzschild-like black string with the
discussions above. For this, we rewrite Eqs. (18), (31) and (46) as
T =
c2m2P
8pikBM
(
1− aE
2
3c4M2f
)
(47)
9
by approximating m2 +
J2
θ
+J2
φ
csc2θ
r2
h
+ L2 as E2, where a = 2 for scalar particles and fermions,
while a = 8 for bosons. The particles near the black string surface have an intrinsic position
uncertainty of about the horizon radius 2GM
c2
[41], then we have the relations
E ∼ c∆p ∼ c ~△x ∼ c
~
rh
, (48)
where the standard uncertainty principle has been used. Replacing E with c~
rh
in Eq. (47), one
obtains
T =
c2m2P
8pikBM
(
1− am
4
P
12M2fM
2
)
. (49)
The behavior of the MLT-corrected temperature and the original Hawking temperature are
plotted in Figure 1. Both temperature curves for scalar particles/fermions and massive bosons
are bulge-shaped. The MLT-corrected temperature for bosons reduces to zero at M3 =
√
2
3
m2P
Mf
,
and that for scalar particles and fermions shrinks to zero at M1 =
√
1
6
m2
P
Mf
, well before the black
string evaporate completely.
0.5 1.0 1.5 2.0
0.00
0.02
0.04
0.06
0.08
0.10
M
T
Bosons
Scalar & Fermions
Original HHUPL
M1 M2 M3 M4
Figure 1: Temperature of black string versus its mass. Mass is in units of m2P/Mf and temper-
ature is in units of c2Mf/kB. The green (dashed) curve is the original Hawking temperature in
HUP framework; The rad (upper) solid curve is the MLT-corrected effective Hawking tempera-
ture for scalar particles and fermions, and the blue (lower) solid one is for bosons.
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The corresponding black string entropy can be calculated as
S =
∫
c2dM
kBT
=
4pi
m2P
M2 +
2piam2P
3M2f
lnM
=
c4A
4G2m2P
+
piam2P
3M2f
ln
c4A
16piG2
, (50)
where A = 4pir2h is the area of the horizon surface. Note that the MLT effect contribute a positive
lnA correction to the entropy, different than a negative lnA correction suggested in [38–42, 45].
The MLT-corrected heat capacity of the black string is given by
C = c2dM
dT
=
8pikB
−m2P
M2
+
am6
P
4M2
f
M4
, (51)
which is plotted in Figure. 2. We observe that heat capacities for scalar particles/fermions
and bosons diverge respectively at M2 =
√
1
2
m2P
Mf
and M4 =
√
2
m2P
Mf
, where the MLT-corrected
temperatures take maximums (dark green points in Figure. 1). The heat capacities are positive
at M1 and M3, where the MLT-corrected temperatures reduce to zero.
0.5 1.0 1.5 2.0 2.5 3.0
-400
-200
0
200
M
C
Bosons
Scalar & Fermions
Original HHUPL
M1
M2 M3
M4
Figure 2: Heat capacity of black string versus its mass. Mass is in units of m2P/Mf and heat
capacity is in units of (mP/Mf)
2kB. The green (dashed) curve is the original heat capacity
in HUP framework; The rad (left) solid curve is the MLT-corrected heat capacity for scalar
particles and fermions, and the blue (right) solid one is for bosons.
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Then we can represent the evaporation process of the Schwarzschild-like black string quali-
tatively. When M > M4, both the corrected temperatures increase with negative heat capacity
as the black string mass decrease, meaning increasing tunneling rates of the particle crossing
the horizon; The tunneling rate of bosons reaches its maximum at M =M4 when the corrected
temperature for bosons maximizes; When M4 > M > M3, the corrected temperature for bosons
decrease; The black string cease to emit bosons at M = M3; When M < M3, only scalar par-
ticles and fermions can tunnel from the black string, their corrected temperatures maximize at
M = M2 and then decrease with positive heat capacity after that; Eventually, both the scalar
particles and fermions cease being emitted from the black string at M = M1. Hereafter, the
black string never evaporates any more. Once the black string could evaporate particles again,
its temperature increases, then the mass of black string should also increase because of the pos-
itive heat capacities for all kinds of particles in the vicinity of M1, which is in contradiction to
the fact that evaporation should decrease the mass of black string. It seems that the existence
of minimal length and time-interval should lead to a black string remnant.
However we should be careful when we predict the final state of the black string evaporation.
As the black string mass reduces, its size, characterized by two times horizon radius, could reach
the minimal length allowed in LXDs model Lf , which is related to Mf by LfMf = ~. We stress
that the tunneling method adopted in this work to study the evaporation process only makes
sense when
4GM
c2
>
mP
Mf
√
~G
c3
, (52)
yielding M > Mcri. =
1
4
m2
P
Mf
. Once the black string mass reduces to Mcri., the classical or
semi-classical concept of black string should be no longer valid. Since the black string horizon
is ill-defined, one can never tell whether or not a particle is “in” the black string, thus the
tunneling method becomes inefficient to study black string evaporation. Note that M1 and M3
have the same order of magnitude with Mcri., we conclude that a full quantum gravity theory is
needed to study the last stage of black string evaporation and verify the outcomes we obtained
in this section. Recently, an interesting quantum gravity theory with spin and scaling gauge
symmetries has been proposed by Wu [56, 57].
6 Discussion and conclusion
In this paper, incorporating the minimal length and time-interval effect, we have studied the
tunneling process of scalar particles, fermions and massive bosons from the 5-dimensional
Schwarzschild-like black string, respectively. The original Hawking radiation was retarded by
the quantum gravity effect for all these kinds of particles. The generalized Hamilton-Jacobi
equations for the scalar particles and fermions were showed to be the same by processing the
generalized Klein-Gorden and Dirac Equations, thus they shared the same effective Hawking
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temperatures. The temperature correction for bosons was four times as big as that for scalar
particles and fermions. By observing the effective Hawking temperatures and heat capacities for
all kinds of particles, the evaporation process of the Schwarzschild-like black string was repre-
sented qualitatively. The bosons ceased tunneling from the black string at first, then the scalar
particles and fermions ceased being radiated as the mass of black string decreased to
√
1
6
m2
P
Mf
.
Even a black string remnant were expected as the consequence of evaporation in our analysis, we
pointed that the final stage of black string evaporation should be reexamined by full quantum
gravity theory.
A Feasibility analysis of applying WKB approximation
to studying the quantum gravity effects on particles
tunneling process
As pointed out in the introduction part, WKB approximation retains only the leading order of
~ in the classical action of the trajectory. However, quantum gravity effect which matters in
Planck scale should be difficult to identify in low energy limit. It should be ensured that WKB
approximation is precise enough to let the particles “feel” the effect of quantum gravity when
we study the black string/black hole evaporation. Next, we analyze the scalar particles case as
an example.
Inserting Eq. (8) into Eq. (7), and keeping the terms in S to the first order of ~, i.e.
S = S0 + ~S1, one obtains
gµν [∂µS0∂νS0 + ~(∂µS0∂νS1 + ∂νS0∂µS1 − i∂µ∂νS0) + (−1)δ0νβ∂µS0gνν(∂νS0)3
+(−1)δ0µβ∂νS0gµµ(∂µS0)3 +O(β~) +O(~2) +O(β2) + · · · ] +m2 = 0. (53)
We observe that the leading order terms of ~ at the left hand side of Eq. (53) are of the forms
gµν∂µS0∂νS1~ and ig
µν∂µ∂νS0~. These terms should be much smaller than the leading order
terms of β, which are of the form gµν∂µS0∂νS0g
νν(∂νS0)
2β. We suppose ∂µS0 ∼ ∂µS1 ∼ ∂µ∂νS0
at the level of numerical value. For µ = ν = 0, we have the relation
E2
3M2f c
4
≫ ~
1J · s ,
E3
3M2f c
4
· 1
1J
≫ ~
1J · s , (54)
which yield E ≫ 10−17Tev and E ≫ 10−9Tev in turn, given Mf ∼ 1Tev. Relates E with the
black string mass by E ∼ ~c3
2GM
, as discussed in section 5, then the black string mass should
satisfy M ≪ 1017m2P
Mf
and M ≪ 109m2P
Mf
, respectively. All these conditions for the energy of
the emitted particles E and the black string mass M are well satisfied, thus it’s sufficient to
retain only the leading order term of ~ in the classical action of trajectory when studying black
string/black hole evaporation. The application of WKB approximation in this work is justified.
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